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Abstrat
Using full-potential, density-funtional-based methods we have studied eletron-phonon intera-
tion in ZrB2 and TaB2 in P6/mmm rystal struture. Our results for phonon density of states
and Eliashberg funtion show that the eletron-phonon oupling in ZrB2 is muh weaker than in
TaB2. In partiular, we nd that the average eletron-phonon oupling onstant λ is equal to 0.15
for ZrB2 and 0.73 for TaB2. The solutions of the isotropi Eliashberg gap equation indiate no
superondutivity for ZrB2 but a superonduting transition temperature Tc of around 12K for
TaB2 with µ
∗ ∼ 0.16.
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I. INTRODUCTION
The searh for superondutivity in the transition-metal diborides ZrB2 and TaB2 has
proven to be elusive sine the rst reports of superondutivity in ZrB2 [1℄ and TaB2 [2℄
with superonduting transition temperatures Tc = 5.5K and Tc = 9.5K, respetively. The
subsequent experimental eorts [3, 4℄ to make ZrB2 and TaB2 superonduting by applying
external pressure and/or hole doping have also proven to be futile. Suh an outome for
ZrB2 and TaB2 seems somewhat surprising given that under similar onditions NbxB2
[3℄ and Mo0.96Zr0.04B2 [5℄ are found to superondut with Tc = 8.5K and TC = 5.9K,
respetively.
To be able to understand the superonduting properties or lak thereof of the transition-
metal diborides ZrB2 and TaB2 within the onventional BCS theory of superondutivity
one needs to know the eletron-phonon interation in these systems. In partiular, the
strength of the eletron-phonon interation in ZrB2 and TaB2, as reeted in the average
eletron-phonon oupling onstant λ, an be used to predit the possibility of superondu-
tivity in the diborides. Experiments, based on point-ontat spetrosopy [6, 7℄, indiate λ
to be less than 0.1 for both ZrB2 and TaB2, and thus prelude the possibility of superon-
dutivity in these diborides. Here, we like to point out that the experimental determination
of λ, as arried out in Refs. [6, 7℄, is more reliable for ZrB2 than for TaB2.
Previous theoretial estimates of λ [4, 8℄, based on only zone-enter sampling of the
eletron-phonon matrix elements, also indiate ZrB2 and TaB2 to have a weak eletron-
phonon oupling with λ < 0.2. However, it turns out that in the transition-metal diborides
the estimates of λ based on zone-enter sampling of the eletron-phonon matrix elements
orresponding to the optial E2g mode is not reliable [9, 10℄. Thus, a detailed analysis
of the eletron-phonon interation using a more representative Brillouin zone sampling of
the eletron-phonon matrix elements is learly needed to better understand the lak of
superondutivity in ZrB2 and TaB2. The present work is a step in that diretion.
Using density-funtional-based methods we have studied (i) the eletroni struture, (ii)
the phonon density of states (DOS), (iii) the eletron-phonon interation, and (iv) the so-
lutions of the isotropi Eliashberg gap equation for ZrB2 and TaB2 in P6/mmm rystal
struture. We have alulated the eletroni struture of ZrB2 and TaB2 with experimental
lattie onstants [4, 8℄ a and c, as given in Table I, using full-potential linear mun-tin
2
orbital (LMTO) method. For studying the eletron-phonon interation we used the full-
potential linear-response program of Savrasov [11, 12℄ to alulate the dynamial matries
and the Hopeld parameters, whih were then used to alulate the phonon DOS, F (ω), the
eletron-phonon oupling λ, inluding the partial λq, and the Eliashberg funtion, α
2F (ω),
for ZrB2 and TaB2. Subsequently, we have numerially solved the isotropi Eliashberg gap
equation [13, 14, 15℄ for a range of µ∗ to obtain the orresponding superonduting transition
temperature Tc.
Based on our alulations, desribed below, we nd that the eletron-phonon oupling in
ZrB2 is muh weaker than in TaB2. In partiular, we nd that the average eletron-phonon
oupling onstant λ is equal to 0.15 for ZrB2 and 0.73 for TaB2. The solutions of the
isotropi Eliashberg gap equation indiate no superondutivity for ZrB2 but a superon-
duting transition temperature Tc of around 12K for TaB2 with µ
∗ ∼ 0.16.
II. THEORETICAL APPROACH AND COMPUTATIONAL DETAILS
Within Migdal-Eliashberg theory of superondutivity [13, 14℄, rst-priniples alula-
tions of superonduting properties require the knowledge of (i) the ground-state eletroni
struture, (ii) the vibrational spetrum and (iii) the eletron-phonon matrix elements of
the solid. The phonon spetrum and the eletron-phonon matrix elements are then used to
alulate the Eliashberg funtions from whih the superonduting properties of the mate-
rials an be alulated. In partiular, by solving the fully anisotropi or the isotropi gap
equation the superonduting transition temperature an be alulated.
The density-funtional theory provides a reliable framework for implementing from rst-
priniples the Migdal-Eliashberg approah for alulating the superonduting properties of
metals as outlined above. Suh an approah has been implemented by Savrasov using the
LMTO formalism and the linear response method, the details of whih are given in Refs.
[11, 12℄ . In the following, we briey outline the approah used in the present alulations.
We follow the notation used in Refs. [11, 12℄.
We alulate the ground-state eletroni struture of the transition-metal diborides ZrB2
and TaB2 using the full-potential linear mun-tin orbital method in the generalized-gradient
approximation of the density-funtional theory. The linear response approah is used to eval-
uate the dynamial matries and the eletron-phonon matrix elements within the density-
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funtional theory as implemented using the LMTO formalism. It amounts to self-onsistently
evaluating the hanges in the eletroni struture due to atomi displaements assoiated
with the phonon mode ωqν . One the hanges in the wave funtion, density and the eetive
potential are known, the phonon density of states
F (ω) =
∑
qν
δ(ω − ωqν), (1)
and the eletron-phonon matrix elements
gqνk+qj′,kj =< k+ qj
′|δqνVeff |kj >, (2)
an be evaluated. The eletron-phonon matrix elements an be interpreted as the sattering
of eletron in state |kj > to state |k+ qj′ > due to perturbing potential δqνVeff , whih arises
due to the phonon mode ωqν . Note that Eq. 2 has to be orreted for the inomplete basis
set as desribed in Ref. [11℄. From the eletron-phonon matrix elements we an alulate
the phonon linewidth γqν
γqν = 2πωqν
∑
kjj′
|gqνk+qj′,kj|
2δ(ǫkj − ǫF )δ(ǫk+qj′ − ǫF ). (3)
Oasionally, it is useful to dene a phonon mode dependent eletron-phonon oupling λqν
as
λqν =
γqν
πN(εF )ω2qν
, (4)
where N(εF ) is the eletroni density of states at the Fermi energy. Now we an ombine
the eletroni density of states, phonon spetrum and the eletron-phonon matrix elements
to obtain the Eliashberg funtion α2F (ω) dened as
α2F (ω) =
1
2πN(ǫF )
∑
qν
γqν
ωqν
δ(ω − ωqν) (5)
Finally, the Eliashberg funtions an be used to solve the isotropi gap equation [13, 14, 15℄
∆(iωn) =
|ω
n
′ |<ωc∑
n′
fn′S(n, n
′)∆(iωn′) (6)
to obtain the superonduting properties suh as the superonduting transition temperature
Tc. The funtion S(n, n
′) used in the gap equation is dened by
S(n, n′) ≡ λ(n− n′)− µ∗ − δnn′
∑
n′′
snsn′′λ(n− n
′′) (7)
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Table I: The experimental lattie onstants for ZrB2 and TaB2 used in the alulations.
alloy a (a.u.) c/a
ZrB2 5.992 1.1142
TaB2 5.826 1.0522
and fn = 1/|2n+1| with sn representing the sign of ωn. The eletron-phonon oupling λ(ν)
is given by
λ(ν) =
∫ ∞
0
dωα2F (ω)
2ω
ω2ν + ω
2
. (8)
Before desribing our results in detail, we provide some of the omputational details
whih are similar to our study of the eletron-phonon interation in MgB2, NbB2 and TaB2
[9, 10℄.
The harge self-onsistent full-potential linear mun-tin orbital alulations were arried
out with the generalized gradient approximation for exhange-orrelation of Perdew et al
[16, 17℄ and 484 k-points in the irreduible wedge of the Brillouin zone. For TaB2, the basis
set used onsisted of s, p, d and f orbitals at the Ta site and s, p and d orbitals at the B
site. In the ase of ZrB2, we inluded s, p and d orbitals at the Zr site. In all ases the
potential and the wave funtion were expanded up to lmax = 6. The mun-tin radii for Ta,
B, and Zr were taken to be 2.5, 1.66, and 2.3 atomi units, respetively.
The alulation of dynamial matries and the Hopeld parameters for ZrB2 and TaB2
were arried out using a 6 × 6 × 6 grid resulting in 28 irreduible q-points. The Brillouin
zone integrations for harge self-onsisteny during linear response alulations were arried
out using a 12× 12× 12 grid of k-points. The Fermi surfae was sampled more aurately
with a 36 × 36 × 36 grid of k-points using the double grid tehnique as outlined in Ref.
[12℄. In ase of TaB2, for a ouple of q-points we had to sample the Fermi surfae using a
48× 48× 48 grid of k-points to get onverged aousti-mode frequenies.
III. RESULTS AND DISCUSSION
In this setion we desribe the results of our alulations of the eletroni struture, the
linear response and the solutions of the isotropi Eliashberg gap equation for ZrB2 and
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TaB2. Our results for ZrB2 and TaB2 are desribed in terms of (i) the density of states
(DOS), (ii) the phonon density of states F (ω), (iii) the Eliashberg funtion α2F (ω), and (iv)
the superonduting transition temperature Tc obtained from the solutions of the isotropi
Eliashberg gap equation.
A. The Density of States
The eletroni struture of ZrB2 [8, 18℄ and TaB2 [4, 18, 19℄ has been studied previously.
Our full-potential results for the eletroni struture of ZrB2 and TaB2 are in agreement
with earlier alulations. For example, in Fig. 1 we show the total densities of states for
ZrB2 and TaB2 alulated at the experimental lattie onstants using the full-potential
LMTO method as desribed earlier. The agreement with earlier alulations of the densities
of states for ZrB2 [8℄ and TaB2 [4℄ is exellent. We nd that the total DOS at the Fermi
energy is equal to 3.72 st/Ry and 12.52 st/Ry for ZrB2 and TaB2, respetively. In ZrB2,
the relatively low DOS at the Fermi energy leads to a weak eletron-phonon oupling in this
system. However, at the Fermi energy the d-eletrons are present in substantial amount in
both ZrB2 and TaB2, indiating a more ative role for Zr and Ta atoms in determining
the lattie- dynamial as well as the possible superonduting properties of these diborides.
B. The Phonon Density of States
In Fig. 2 we show the phonon DOS F (ω) of ZrB2 and TaB2 alulated using the full-
potential linear response program as desribed earlier. As is lear from Fig. 2, the phonon
DOS for both ZrB2 and TaB2 an be separated into three distint regions. Based on our
analysis of the eigenvetors, we nd that the rst region, with a peak in phonon DOS at
32meV in ZrB2 and 22meV in TaB2, is dominated by the motion of the transition-metal
atoms Zr and Ta respetively. Note that the shift of the rst region in the phonon DOS
towards lower frequeny for TaB2 in omparison to ZrB2 is due to the higher mass of Ta.
In the seond region, the phonon DOS around 60−70 meV in ZrB2 (TaB2) results from the
oupled motion of Zr (Ta) and the two B atoms. However, the peaks in the phonon DOS
at 78meV in ZrB2 and 75meV in TaB2 orrespond to the in-plane B − B motion. The
phonon DOS in the third region, whih extends from 94meV to 102meV in ZrB2 and from
6
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Figure 1: The total density of states of ZrB2 and TaB2 alulated using the full-potential linear
mun-tin orbital method as desribed in the text. The vertial dashed line indiates the Fermi
energy.
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Figure 2: The phonon density of states F (ω) of ZrB2 and TaB2 alulated using the full-potential
linear response method as desribed in the text.
100meV to 107meV in TaB2, results from the displaements of all the three atoms. Not
surprisingly, the phonon DOS of ZrB2 and TaB2 are similar to the phonon DOS of NbB2
if we make allowane for the dierene in the masses of the transition-metal atoms [10℄.
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Figure 3: The Eliashberg funtion α2F (ω) of ZrB2 and TaB2 alulated using the full-potential
linear response method as desribed in the text.
Table II: The alulated Hopeld parameter η, the average eletron-phonon oupling onstant λ,
the root mean square ωrms and the logarithmially averaged ωln phonon frequenies for ZrB2 and
TaB2.
alloy η (mRy/a.u.2) λ ωrms (K) ωln (K)
ZrB2 76 0.15 734 585
TaB2 279 0.73 593 356
C. The Eliashberg Funtion
The main purpose of the present study is to examine the strengths of the eletron-phonon
interation in ZrB2 and TaB2 in order to better understand the lak of superondutivity
in these diborides. To this end, we show in Fig. 3 the Eliashberg funtion α2F (ω) of ZrB2
and TaB2 alulated as desribed earlier. A omparison of α
2F (ω) of ZrB2 and TaB2 shows
that the eletron-phonon oupling in ZrB2 is muh weaker than in TaB2. In partiular, the
average eletron-phonon oupling onstant λ is equal to 0.15 for ZrB2 and 0.73 for TaB2.
From Fig. 3, we also see that in the ase of ZrB2 the phonon mode with peak at 78meV ,
whih orresponds to the in-plane B − B motion, ouples to the eletrons more than the
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Figure 4: The superonduting transition temperature Tc as a funtion of µ
∗
for TaB2 as obtained
from the isotropi Eliashberg gap equation.
phonon mode with peak at 32meV. However, in TaB2 it is the phonon mode orresponding to
the displaements of the transition-metal atom Ta, with a peak at 22meV , whih ouples
more strongly to the eletrons. Suh a hange in α2F (ω) learly indiates a more ative
role for the transition-metal atoms in deiding the normal as well as the superonduting
state (if any) properties of the transition-metal diborides. Our alulated α2F (ω) for ZrB2
agrees with the point-ontat spetrosopy results of Refs. [6, 7℄. However, in our opinion,
the experimentally obtained α2F (ω) for TaB2 in Ref. [7℄ is underestimated, and it is in
disagreement with the present result. In Table II we have listed the Hopeld parameter η,
the eletron-phonon oupling onstant λ, and the various averages of the phonon frequenies
for ZrB2 and TaB2.
D. The Superonduting Transition Temperature
The possibility of superondutivity in ZrB2 and TaB2 within the present approah an
be heked by solving numerially the isotropi gap equation [14, 15℄ using the alulated
Eliashberg funtion α2F (ω). The results of suh a alulation for TaB2 are shown in Fig. 4
for a range of values of µ∗. From Fig. 4 we nd that for µ∗ ≃ 0.16 the Tc for TaB2 is equal
to ∼ 12K. A similar alulation for ZrB2 using the alulated Eliashberg funtion yields a
9
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Figure 5: The phonon density of states F (ω) of ZrB2 and TaB2 obtained with 12 q points (dotted
line) and 28 q points (solid line) using the full-potential linear response method as desribed in the
text.
Tc of less than 10
−5K.
Our results show that ZrB2 is unlikely to show superondutivity, in agreement with ex-
periments [20℄. In addition, the alulated Eliashberg funtion for ZrB2 agrees well with the
orresponding Eliashberg funtion obtained from point-ontat spetrosopy [6, 7℄. However,
our alulations predit TaB2 to superondut with a Tc ∼ 12K but so far no superondu-
tivity [3℄ has been found (exept for Ref. [1℄). Although our alulated values of α2F (ω)
and onsequently λ an be improved upon by inluding more q-points in the linear response
alulations but it is unlikely to hange the main onlusions of the present work. Thus, the
reasons for the lak of superondutivity in TaB2 need to be explored further.
E. Convergene of Phonon Density of States, Eliashberg Funtion and Superon-
duting Transition Temperature
The rst-priniples study of superonduting properties of solids as arried out above is
omputationally demanding. In partiular, the requirement of eletroni self-onsisteny for
phonon wave vetor q and mode ν makes the omputational eort prohibitive unless one
makes a judiious hoie of q vetors. However, one must ensure that the alulated results
10
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Figure 6: The Eliashberg funtion α2F (ω) of ZrB2 and TaB2 obtained with 12 q points (dotted
line) and 28 q points (solid line) using the full-potential linear response method as desribed in the
text.
are onverged with respet to the number of q vetors. To demonstrate the onvergene of
our alulated phonon density of states F (ω), Eliashberg funtions α2F (ω) and the super-
onduting transition temperature Tc, we have arried out two sets of alulations using the
double-grid tehnique as outlined in Ref. [11, 12℄. We have used two q grids (i) a 4× 4× 4
grid with 12 irreduible q-points and (ii) a 6 × 6 × 6 grid with 28 irreduible q-points. All
the results desribed so far orrespond to the seond grid with 28 q-points. Below we show a
omparison of F (ω), α2F (ω) and Tc alulated using the two grids with 12 and 28 q-points,
respetively.
In Fig. 5 we ompare F (ω) alulated using the two grids with 12 and 28 q-points,
respetively. In general, dynamial matries and onsequently the phonon spetrum do not
require a very ne k-mesh for onvergene. However, the inrease in the number of q-points
has understandably redued the peak heights at ω approximately equal to 30meV , 75meV
and 95meV for ZrB2 and 20meV , 70meV and 100meV for TaB2.
The onvergene of α2F (ω) is shown in Fig. 6, where we have plotted α2F (ω) alulated
using the two grids with 12 and 28 q-points, respetively. For ZrB2 the dierenes are small
in magnitude exept at around 20meV, while for TaB2 the eets due to small number of
q-points are redued with the use of the 28 q-point grid. We also see that the integrated
11
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Figure 7: The superonduting transition temperature Tc as a funtion of µ
∗
for TaB2 as obtained
from the isotropi Eliashberg gap equation. The dashed and the solid lines orrespond to the
alulations done with 12 and 28 q points, respetively.
values suh as the eletron-phonon oupling onstant λ do not hange appreiably between
the two sets of alulations (λ hanges by ∼ 0.01 for ZrB2 and ∼ 0.005 for TaB2).
As F (ω) and α2F (ω) do not hange signiantly between the two sets of alulations,
we do not expet a signiant hange in the solutions of the isotropi gap equation. Con-
sequently, the alulated Tc should be similar in the two ases. In Fig. 7, we show the Tc
obtained for the two sets of alulations, and the dierene of less than 10K between the
two sets of alulations onrms the onvergene of F (ω), α2F (ω) and Tc.
IV. CONCLUSIONS
We have studied eletron-phonon interation in ZrB2 and TaB2 in P6/mmm rystal
struture using full-potential, density-funtional-based methods. we nd that the eletron-
phonon oupling in ZrB2 is muh weaker than in TaB2. In partiular, we nd that the
average eletron-phonon oupling onstant λ is equal to 0.15 for ZrB2 and 0.73 for TaB2.
The solutions of the isotropi Eliashberg gap equation indiate no superondutivity for
ZrB2 but a superonduting transition temperature Tc of around 12K for TaB2 with µ
∗ ∼
12
0.16.
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